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Abstract

In the present paper, we devote our aspiration to some initial and final value prob-
lems for a class of space-fractional diffusion equation with time-dependent diffusivity
factor. For the initial value problem (IVP), we investigate the stability of the solution
concerning the data and the fractional order. For the final value problem, we prove the
ill-posedness and suggest a filter method to regularize the problem. Explicit conver-
gence rate of Holder type is established. Finally, several numerical examples based on
the finite difference approximation and the discrete Fourier transform are performed
to demonstrate the effectiveness of the proposed method.
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1 Introduction

In recent decades, the fractional calculus has become a very bewitching area to
researchers due to its challenges and convincing applications in the real world. Besides
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the common applications of fractional calculus which are now very famous in engi-
neering, the reader may refer to [35] for an updated collection of applications of
fractional calculus in the real world including the field of physics, signal and image
processing, biology, environmental science, economic, etc. Comparing to the model
using the ordinary derivative, the fractional model can be more adequate thanks to the
advantages of the memory effect of the fractional derivative. However, this memory
effect (or nonlocality) at the same time yields much more difficulties in solving these
models (see for instance [48,49]) for a discussion on the difficulty of the model with
fractional derivative).

The space-fractional diffusion equation (SFDE) is derived by replacing the standard
Laplacian by its fractional version defined as (1.2). In physical terms, space-fractional
diffusion is obtained if one replaces the Gaussian statistics of the classical Brow-
nian motion with a stable probability distribution, resulting in a Levy flight (see
[3,11,13,31]). It appears in many practical applications such as in the theory of vis-
coelasticity and viscoplasticity (mechanics), in the modeling of polymers and proteins
(biochemistry), in the transmission of ultrasound waves (electrical engineering), and in
the modeling of human tissue under mechanical loads (medicine). The forward prob-
lem for SFDE which is a well-posed one, has been studied deeply in recent years (see
[9,12,29,32,37,41] and the references given there). In comparison with the forward
problem, the backward problem for SFDE is usually more difficult to solve because of
its ill-posedness. Backward problem for diffusion equation has many applications in
practice such as the hydrology [25], material science [28], groundwater contamination
[34], image processing [4,44]. The backward problem here is understood in the fol-
lowing sense: Given the data at the terminal time 7', the aspiration is to reconstruct the
historical distribution at an earlier time ¢ < 7. Particularly, we studied the following
backward problem

ur(x, 1) + MO(=A) u(x, 1) = €(x,1),t € [0, T], x € R, (w1

ulx,T)=gkx),x € R, '
where 0 < o < 1 is the fractional parameter, A(¢) is the time-dependent diffusivity,
g(x) is the final data, £(x, t) is the source function and the fractional Laplacian is
defined pointwise by

a2T (0.5 + a) ¢(x) — ¢(y)
—A)¥ =PV, | —— 1.2
(=A) ¢ (x) (0 —a) & T — y (1.2)
Here, P.V. stands for the principle value
P.V. wdy = lim w (1.3)
R |x —y|'* e=>0JR\(lx—ylze) |x — y|' T
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The forward model associated with problem (1.1) is model (2.1) where the data
is given at initial time r = 0, i.e., u(x, 0) = ¢(x). Unlike the constant diffusivity
which is commonly used in the study of the diffusion equation, the diffusivity in this
paper is non-constant, but a time-dependent function. The time-dependent diffusion
coefficient appears in many phenomena. For instance, it appears in the diffusion of
the population of photogenerated species in organic semiconductors [27], the methane
diffusion phenomena in [5], the transient dynamics of diffusion-controlled bimolecular
reactions in liquids [24], the hydrodynamic diffusion phenomena [30] and so on. The
advantage of non-constant diffusivity was studied very carefully by experiment in
[8,10,26,42].

The model (1.1) generalizes some of the previous ones. Particularly, the backward
heat conduction problem (BHCP) can be obtained from (1.1) by setting & := 1. The
BHCP is a classical ill-posed problem that has been studied extensively for decades.
In fact, there is a vast literature on the BHCP including the classical works in [2,7,
14,15,19,23,36,39,43]. In the current paper, we are more interested in the fractional
case of 0 < o < 1 where it is called the backward problem for the space-fractional
diffusion equation. The seminal works in this problem refer to Zheng and Zhang in
[48-50] in which they have studied the problem (1.1) with £ := 0 and A := 1. It was
mentioned in [48] that problem is ill-posed in the sense of Hadamard. However, proof
of this conclusion has not been yet provided. In [22], the authors extended the work
in [48-50] by investigating the problem (1.1) with A := 1. Again, the ill-posedness
was also claimed without proof in [22]. Other remarkable works related to problem
(1.1) including its nonlinear cases and the Riesz—Feller diffusion cases can be found
in [18,20,38,40,45,46].

One of the objectives of this paper is to supplement the theory of problem (1.1)
by providing detailed proof of its ill-posedness which is not trivial. As a next step,
we propose a filter-type regularization method to achieve reliable approximations to
the solution of the problem. We emphasize that problem (1.1) is more difficult to deal
with, compared to its homogenous or classical versions. The difficulties naturally arise
from the nonlocality of fractional derivative and nonzero right-hand side. The nonlo-
cality will make the finite difference matrix is not spare while the nonzero right-hand
side makes the problem is more complicated. Here, inspired by the convolution reg-
ularization method for the classical backward diffusion equation (o« = 1) in [33], we
proposed a filter method basing on the Fourier transform to achieve Holder approx-
imations to the solution of the investigated problem. Another important part of this
paper is devoted to some regularity results of the forward problem (2.1). It is important
to observe the forward problem because there always exist relations between forward
and backward problems. For instance, using some properties of the forward problem,
one may explain or derive the nature of the imposed condition on the backward one.
In the current paper, using regularity results of the forward problem, we provide some
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explanation on the nature of the a priori assumption imposed to the problem in order
to establish the Holder error estimate.

The rest of this paper is divided into four sections. In Sect. 2, we establish some
regularity results of the associated forward problem including the fractional parameter-
continuity property. Section 3 is devoted to the analysis of the ill-posed structure of
problem (1.1) and its treatment by the filter regularization method. The convergence
rate is also presented in this section. Section 4 provides two numerical examples,
mainly based on the finite difference scheme and the discrete Fourier transform, to
illustrate the theoretical results. Finally, we end up this paper by Sect. 5 summarizing
the achievements obtained in the paper.

2 Some Regularity Results for the Forward Problem

Throughout this paper, we assume that there exists two positive numbers M; and M,
such that

0<M; <XA(t) <My,

for all ¢+ € [0, T]. This assumption is quite natural since the diffusivity is usually
positive and finite. We begin this section by introducing some notations that are needed
for the analysis in the next sections. We always denote ||-|| = ||-|| L2(R) the standard
L?-norm. The Fourier transform of a function g will be defined as

2E) =F (¢ = g(s)e 4 ds,

7l

and its inversion

) =F '@ = g(E) e de.

1
N2 /R
For s > 0, H® (R) stands for the standard Sobolev space

H' (R) := {v € L2(R) such that [[v]? ::/ (1 n |f;‘|2>s|ﬁ(§)|2d.§ < oo}.
R

For a Banach space X, we denote by L? (0, T; X) and C ([0, T']; X) the Banach space
of real functions u : [0, T] — X measurable, such that

T 1/p
lullzro,7:x) = (f [|u (',)||I;(df> < 00, 1 <p<oo,
0
lull Looo,7;x) = ess sup lu (-)llx < oo, p =09,
O<t<T
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lullcqo,rx) = sup llu ()llx < oo.
0<t<T

In this section, we present some properties of the forward problem associated with
problem (1.1), i.e., the following problem

{ ve(x, 1) F A (=A)%v(x, 1) =L(x,1), t€[0,T],x eR, @

v(x,0) = p(x), x e R.

For ease of presentation, we refer problem (2.1) with respect to the fractional order
a as problem (F Py). It is clear that problem (F P;) stands for the classical forward
diffusion problem. Put

t
A1) =/ A(s)ds.
0

Taking the Fourier transform with respect to the space variables for both sides of (2.1),
we get

0 __ R ~
o DalE, 0 + E12 A1) 0a (&, 1) = (£, 1),
Ta(£,0) = P(E).

Then, we obtain
t
Bulen) = e MG 4 [ AOMOTig, sas,
0
The solution of (2.1) is then written as

v (x, 1) = T (€, 1)e™4 d,

7=
2w JR
Using this representation, we establish the following result concerning the continuity

of the solution of (2.1) with respect to the fractional parameter. This type of result may
be called the parameter continuity result (see [6]).

Theorem 2.1 Let v be the solution of classical diffusion problem (F Py) and vy be the
solution of problem (F P,). Assume that £ € L*>(0, T; H372%(R)) and the initial data
¢ € H372%(R), then there exists a positive constant K = K[, £] such that

sup [[(v —ve) (DI =K1 —af.
1€[0,T7
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Proof From v be the solution of problem (F P;), and v, be the solution of problem
(F P,), we have

~ _ 2 N Y —~
& 1) = e— AWl (p(é)Jr/ o EPAO-AD (g 5))ds.
0
o~ — 200 ! _1e2a _ o~
tu(E, 1) =€ A@)|E] ¢(§)+/ e [E17 (A1) A(S))Z(é',s))ds.
0
By directly computation, and Holder inequality, one has

2 20
o AWIER _ —AWE]

2
19(5)1°de

t
+2/ (f ‘ef|s|2(A(z>fA(s>>_ef\swz‘*(A(r)fAm))
R 0

_ 2 B 2|2
<2 [ [erd0f — ok ey g 22
R
i)

t
+2T/ f ‘e—IEIZ(A(t)—A(S))_e—lélz"(A(t)—A(s))
0 JR

||<ﬁa—m<-,r>||252f
R

2
2, 5)| ds) d&

2 o
|0, 5)) [ déds .

Tr(1)

To obtain a stability estimate with respect to the fractional parameter «, the idea is
now to evaluate the inside exponential-difference term of Z; and Z>. To do so, let us
denote

Dy ={&[ [§l =1} and Dy = {&] |€] < 1}.

We have the following cases.
Case 1: £ € D). Using the Lagrange mean value theorem for f(x) = e ™, x > 0,
there exists a positive point & € [|£]** (A1) — A(5)), [€]* (A(t) — A(s))] such that

[T IEFAOAGD _ (mEFAO-A0D| = (A () — M) e (16 — 1£1)
= (AG) = A(s)) e EF O (jg 2 jg22)

1
G (67 —leP) = 1P -1,

=

Again, by using Lagrange mean value theorem one more time, but for g(«) = a%, a >
1, there exists a positive number o € [0, 2 — 2«] such that

|E772% — 1 =2]¢|* log |£] (1 — a).
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Since 0 < logx < x for all x > 1, we can write that

‘e—mzm(r)—A(‘v)) _ T EPHAO=AG) | < g fog || |1 — af < 20E)P2 |1 — a].

Case 2: £ € D,. By adapting the same procedure as in Case 1, there exists a positive
point & € [1§1* (A1) — A()), [§** (A1) = A(5))] such that

‘eflélza(A(t)fA(s)) _ e*lélz(A(Z)fA(s))‘
= (A0 = A e (18127~ lg17) = A (1612 — lg1).

Once again, by the Lagrange mean value theorem, there exists a positive a2 € [2a, 2]
such that

&% — &% = 218" log |£]] (1 — @) < 2[&|"7 (1 —a) <2(1 — ).
Therefore,

e~ EPTAO=AW) _ (= EPAO-26D| < 2A(T) |1 — «f .

Thus, we arrive the following estimates

32«
7 =41+ A2D) 11 —a|2/ (1+16P) " 1p©) P
R
=414+ 22D) 11 = P 1913 2y - 2.3)
T 3-2a
@) <4 (1 + AZ(T)) In— a|2/ / (1 + |«§I2) |2, )P dzds
0 R
=4 (14 22D) 11 = @ 10122 g g5 20y - 2.4)

By combining (2.2), (2.3) and (2.4), we arrive at the final estimate

Iva =) (01l = 2V2(1+ AD) (Igll-20) + VT IE 20 70200 ) 11 =
=K1 —«of,

where K = Klg, €] = 232 (1 + AT)) (19 l-2ery + VT el 20, -2 )-
The proof is complete. O

Next, we present some properties of the solution of (F Py).

Theorem 2.2 The following statements hold:
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a. For0<p <a,ifp € L>(R) and £ € L* (0, T; L*> (R)), then v, (-, 1) € HP (R)
forallO0 <t <T and

leaC Dl = D@ (Il + 1l 20, :22m) )

where D is a positive function depends on t defined by

1+ tM; T
D(1) =2 4+l
®) max{\/ ™, \/2M1+ }

b.For ¢ > 0, if ¢ € HI(R) and £ € L?(0,T;H? (R)), then vy €
L (0, T; H? (R)). More precisely,

lvall oo 0, ;19 R)) < V2max {1, T} (1@ lhe @y + 1€l 220,719 RY)) -
c.Ifp € L*(R) and £ € L?(0,T; H* (R)), then vy, € C((0,T],L* (R)) N
L>(0,T; L*(R)).
d. If o € H* (R) and ¢ € L*(0,T; H* (R)), then v, € C ([0, T],L*(R)) N
L™ (0, T; H* (R)).

Proof a.) Since ||vg (-, Dlarwy < va(, HllHem) forall 0 < p < a, it suffices to
prove the part a of the theorem for p = «. By Holder inequality , we see that

o ! ~ 2
||va(.,t)||%{a(R) Z/R(l—i-|€:|2) e*Z\SIZaA(t) (9’5(%-)_’_/0 €|S|2aA(S)€(§,S))dS> d&

<2 / (1+161) e 220 5e) Pag
R

a 2 Lo —~ 2
+2/ (1417 e 2er a0 (/ eS“A“)e(s,s))ds) ds
R 0

1+ €2
<2 f _UHEF) o6 pae

R 1+ 2[E[*A(t)

+2t/ ((1 +|%-|2)ae_2\$\2aA(l)/ 2|§|2aA(?)d / (€, S))| dS)

1E1<1

Y f <(1+|§|2)ae—2'5'““<’> / (IEPTAG) g / s))!zds>dg
1§1>1

Since A(t) > Mt forall 0 < ¢t < T, we can write that

(1+1E7)" o rro- 2
||va(-,r>||%1a<R)52[H§W|¢@>Fds+z +1T2/0 A\as,sm dds
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21612 As)
o 2 td(e ) T )

+2T/ 14 |€)%) e 2] A<’>/ —/ L(E, )| ds |d&
El>1 ( ) 0 2[E1*A(s)ds Jo | |

- 2<1+tM1>/ (1+1€P)"
T My R (1 (E1PY)

PEPdE + 27 T2 10720 7. 12y

o 216122 A
- (1+ [gP)"e A0 /d( ) [ 7iE sn s Jae
M1 Jigj=1 &% 0 ds 0 ’

14+ tM;
<20t (W Il + T2 ||z||iz(0,T;L2(R)))

2°1 “20EPYA @) (20679 A ) /T ( 2
+ 1 L(E, dsd
- /e (e ) ) | (.’;: S))| ) .‘;:

<4 <W ol + (2_Ml +T ||5||Lz(07T;Lz(]R)) ,

which means that v, (-, ) € H* (R) for all # € (0, T']. The above estimate can be
rewritten as

o, Dy < DO (el + 180 2072122 ) -

The part (a) of this theorem is proved.
b.) For g > 0, we have

2 _ 2\ 2022 A0) ( LR AG T ?
et Dl = [ (1+167) e 96 + | TNOTE s ) g

<2 [ (1+167) 1B Pas
R

P 2
+2f (1+|s|2)qe—2‘f‘2°’“” (f efz”“\“)?(g,s))ds> de
R 0

< 29l

t t
+2T/ <(1+|s|2)qe—2'5'2“0>/ 62'5‘2“@%15/ |Z(§,s))|2ds>dg
R 0 0
T
<2 ollpoce + 2T2/ / (1+162)"[fte. spdtas
0 R

(2.5)

=2 (”(p”%-]q(R) +1° ||E||iz(o,r;nq<R>)> :

The right-hand side of (2.5) is independent of 7, we conclude that v, € L (0, T; H? (R)).
Moreover, (2.5) also implies that

||Ua||L°°(0,T;Hq(R)) = \/Emax{l, T} (||¢||H‘1(R) + ||£||L2(0,T;H‘1(R))) .
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The part (b) is proved.
c.) By applying the result of part (b) with ¢ = 0, we conclude that v, €
L> (0, T; L* (R)). Now we will prove that v, € C ((0, T1, L? (R)). For o € (0, T1,

let us evaluate the limit hm [Va (-, £) — Vo (-, 10)|I. We have
t~>to

ﬁa(é, t) _/U\Dt(gv fO)

1
_ (e_\g\m/\(t) _ e—lél“A(m)) @(E)-ﬁ-/ CJEPIAO=ADTe 5))ds

0]

Zs(1) Ta(t)

1
N (e—|§|2“A(t) _ e—|5|2"‘1\(t0)> / ? P AOT e 5))ds .
0

Is(t)

Since 1 — e™ < x for all x > 0, it yields that

PEPAWD _ 5P Alto)

— PEP*AM (1 _ e*lél”(Ml)*Mlo)))

2a
< |E[2elITAD (A1) — Altg))
< Ma|£[22elEA0 (¢ — g) .

Then, we can assert that

&2 &2 2,\
T = [ (o500 — 68w ) e g

2
‘e|§|2°‘A<t) _ lEP*Aw)

19(5)17de

- /R S2IEPF (A (DA (10))
p 2 [P
<M3(t — t9) —|<P($)| d§

22617 Atig)
M3(t — 1)° 2
< f| ©)[2de
M2 2
< 21\/|[|;0! (t —10).

In view of the Holder inequality, one has

t 2
i = [ ([ a0z o) ae
R to
t . r 5
E[ (/ e (A(S)—A(l))dS/ |€(§‘,S))| ds)df;’
R i) In)
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r —~ 2
<t —10) /R /O T, )| dsde
= ”gH%Z(O,T;LZ(R)) (t - to) .

The remaining task is now to find a bound for ||Z5]|. In fact, we have

o o 2
‘emz A() _ lEPA o)

fo 20 o~ 2
Is|)* = EPAG7 (e, s))ds ) d
1751 /R 221124 (A (D +A (1)) (/é ¢ (&,5))ds | d

2 2 &% O eea 0 :
< M2(r — 1) / 2—f 218 (S)ds/ [0, 5))| ds ) de
R \ 2617 A0 o 0

|E|40t 0 d (eZ\S\ZQA(‘\")) 1o 2
= M3t — 19)* / - / / [, 5))| ds | de
R\ 267 A0 Jo  21&1%%A(s)ds Jo

2a (2061 Altg) _
v ()
R

o __ 2
L&, ds | d
2My 221E17% Alto) /0 [0, )| ds | d&

Ma(t —19)* [T . 2
fz—Ml/o /Rm 2. 5))| deds

2
<M €022 0 e ey (2 — 10)2
= 2M; L2(0,T;He(R))

Having disposed of this preliminary step, we can now return to the main estimate

lim (v (-, 1) — va (-, f0) | = lim [[Vy (-, 1) — Ve (-, 20)
t—tf 1t
= lim (I Z3]l + I Z4ll + I Zs1)) = O.
t—)l‘O
In the same manner, we can prove that lim [|vg (-, ) — vy (-, f0)|| = O for all 7y €
t—>ta

(0, T]. It implies that
lim |lvg (-, 1) — ve (-, 10)[| = 0.
t—1
This leads to vy € C ((O, T];L? (R)) N L*® (0, T; L? (R)) as claimed.

d.) Applying the result of part b for ¢ = o which arrives at v, € L* (0, T; H* (R)) .

The remain task is to solve lim+ lve (-, 1) — vo (-, 0)]| = 0. For Z4 and Zs, the estimate
t—0

is the same with part (c). The rest is to re-evaluate Z3. We have
20
IT:12 = M3 [ 16115 Pds < M3 | (1+161) 196 Pdg = M3 Il ey 1
R R H>*(R)
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This leads to 1i161+ lvg (s 1) — vy (-, 0)|| = 0. The theorem is completely proved. O
r—

3 The lll-Posedness and Regularization Method for the Backward
Problem

This section is devoted to the investigation of the backward problem (1.1) which is
the main result of the current paper. Using the same Fourier technique as in Sect. 2,
after some elementary calculations, we get

T
Q(E 1) = g(E)eE A=A —/ P AO-ADFe 5)ds. (3.1)

t

Thus, the exact solution of backward problem (1.1) is obtained by the inverse Fourier
transform

1 o T e ~ ,
utrn) = = /(g(g)elélz (A(T)—A(r))_/ PEP (A(S)—A(’))z(g,s)ds) o€
AV T JR t
(3.2)

Let us take a look at the formula (3.2). It is not difficult to see that (3.2) contains the
quantity el *“AT) which will go to infinity as |&| tends to infinity. Thus, the solution
of problem (1.1) is unstable at the high frequencies of £. As a result, the ill-posedness
appears. This property is quite consistent with the classical case @ = 1. To be more
precise, we present the following theorem.

Theorem 3.1 The backward problem (1.1) is ill-posed in the Hadamard’s sense.

Proof The following example demonstrates the ill-posedness of (1.1). For any
n € Nandn > 2. Define Q, = {§cR;1<&<n}, letg, € L>(R), £, €
L? (0, T; L? (R)) be the measured data such that

; (5)_{§<s>+,%y, if € € Q,
’ 7®). if§ € R\Q,,
_ L
bes) = {f@’s”n’ e e
L(E,s), if & € R\,

where y € (0, 1).
Using Parseval’s identity, we see that

~ o~ 1 1
— = — = —_— < — —
lgn — gl = lign — gl <f$2n L dé) N Oasn — oo,
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1
T | 2 \2 T
by, — ¢ . = —d¢ ) d < 0 .
1€n = Ll 22(0.7:22®)) (/(; (/;Zn 7 5) s < G —>0asn — o0

Let u and u, be two solutions of problem (1.1) correspond to the data (g, ¢) and
(gn, £n), respectively, i.e.,

T
AE 1) :g@)em”m(n—z\a)) _/ eléﬁ“(A(x)—A(z»Z@ 5)ds.,

t

T
o~ o~ 2a _ 2a _ -~
Un(€, 1) zgn(s)elfl (A(T) A(t))_/ eI (A A(t))ﬁn(éj,s)ds.
t

We know that

I(tn — ) (-, O = @ — ) G, 1)

lEPC A=A D) T P aw-Aw) |*
= / S——— / ———ds| d&
Qp nY t n
1 1 T 2
= | QPEFAM-rmge 4 EPI A=A g ) g
n2v n2
Q, Q, t

2 T e am+ac—2a0)
— 1+)/f f el (A( s dsdé
n Q, Jt

T
L eZIEIZ“(A(T)—A(t))dE _ 2 el%|2°‘(A(T)+A(S)—2A(t))dsds
n2v Q nlty Q, Jt

v

-1
1= 2Tn” / 2P AD-AD) g
e
-1
_ =2 /" DA g
I’lzy 1
-1
L=2Tn7 7 " pean-am)gg
= |

(1= 2T 1) (21 AD=AWD) _ 2AT)=A1))
2(A(T) — A(t)) n%

This leads to

\/(1 — 2Ty 1) (2n(A=AW) — (2(AT)-AW))
lim [[(uy —u) (-, )| = lim = +o0.
n—>00 n—00 2(A(T) — A(t))n?

This proves the ill-posedness of the backward problem (1.1). The proof of this theorem
is complete. O
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As in Theorem 3.1, the solution of backward problem (1.1) is unstable with respect
to the data. Thus, there is a demand for the regularization method to mitigate the
impact of this ill-posedness. Otherwise, the standard calculation may fail to describe
the solution. In addition, the final data in practice is obtained by measurement which
always contains error. To model this impact, for a noise level §, let us denote that
measure data of (g, £) by (gs, £s) and (gs, s) is naturally required to satisfy the
following error bound

max {llg5 = gll 165 — Ll 202y | <6, (33)

As previously mentioned, there are exponential growths in the solution leading to
the ill-posedness. Therefore, if one successfully control these growths, then the ill-
posedness will be overcome. For the regularization method in the unbounded domain,
the convolution regularization introduced in [33,47] is proved a very effective method.
This method may be simply considered as a very interesting application of the convolu-
tion properties of Fourier transform. In the current paper, we propose a filter approach
which is originally inspired by the convolution regularization in [33,47]. Rather than
dealing with an approximate problem in form of a convolution operator as in [33,47].
Based on Parseval’s equation, it is equivalent to modifying problem 1 to be equivalent
to modifying the Fourier problem of problem 1. In particular, we directly use the filter
called IF, 4 to regularize the problem (1.1). To be more precise, for i > 0, 8 > 0 the
I, g is defined by

~ __ 25(8)
Frup (89 6) := 1+ pelePa@m+p’
6(8,1)

Fup (L5) (. 1) := -
wp () € 1) 1 + pelEP*(A@)+p)

Using this filter, we consider the following regularized Fourier problem

d —~
S B D+ AOA T, 56D =Fup (b) 1), 1€10,TLEER,

56 T) =Fpup @) ©), teR
(3.4)

Using the same technique as in Sect. 2, the solution of problem (3.4) is obtained by

A

Ls(&, s)ds.

(3.5)

. CEPYAM—A®) T GlEP*(As)=A®)

1 + peleP(A@)+p) 1 + peléP(AT)+p)
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Equivalently,

5 CEP AT =A@
u X, 1) =
wp D) /R T3 pekmamp 9 ©

/T lEP (A )= A1)
t

0 iEx
1 + el (AD+p) ts (8, S)ds) e>ds. (3.6)

To perform the convergence analysis between the regularized and exact solution, we
first present the following auxiliary results.

Lemma 3.1 Let B,r,a > 0. Then, we have

L (2 1 (1410e ) foralix =0
W_T,B +Ogﬁ orallx > 0.

Proof Applying inequality (a; + ap)? < 27 (af + aé) ) for all ay, az, p > 0. We see
that

1 2"
——— < — = 2"(fix)".
Bx"+e ((/Bx—l—e_T)

By direct computation, we know that

r a a
Si(x) = fi <;10g r{/E) = V\’/E<1 +10gr%)‘
Hence,
1 2a\" _, a \ "
par te—va = (7) P (1 *log ﬁ) '
The proof is completed. O

Lemma3.2 Leta > 0, and 0 < a < b. Then, we have

xa

(ST

<a b, Vx> 0.

1 +axb —

Proof Consider the following function f; (x) = ];‘ﬁ for x > 0. Then,

a 5 b—a a %_g
fz(x)§f2<(m) )Z b (b—a) o b
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b—a 1_Z<a){'; —% <o b forall 0
= —) '« o x>
b b -

which completes the proof Lemma 3.2. O

Use Lemmas 3.1 and 3.2, we have the following proposition which is very important
for the proof of next theorems.

Proposition 3.1 The following inequality holds

&P (AT)+B)

1 + pel&P(A@)+p)

-r

(20D ) ¥y
P pur

where p > 0.
Proof By Lemma 3.1, one has

)4
2

lEP (A +p) 1 (1+¢?)
1+ el AMHE) 4 e B AM+p) (1+ 52)% (M i e—\s\2“<A<T>+ﬂ>>

14 14
2 2

(1+¢2) (1+¢2)
I+ e PTATHD T ey | P A+
ya ;Tf V4
- (fenne i)’ M—1<1+logw) (1+8)"
pun’r

which completes the proof. O

Proposition 3.2 The following inequality holds

CIEPAM) 5 =l EPAM - ify € (0, 1),
1+ peléPAd) = | PIEPAT), if9 > 1.

Proof In case ©* > 1, the proof is obvious. In the remaining case, using Lemma 3.2,
one has

&2 A(T) (=) €% A(T)
¢ _ ¢ D1E1% A(T)
1+ pelP A | 4 eléPAT)
< Mﬂ—lemaz“A(T)_
The proof is completed. O
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Now, we are in a position to present the convergence estimate. The first result reads
as follows.

Theorem 3.2 Let vy and vy be two solution of regularized problem (3.4) correspond
to the data (g1, £1) and (g2, £2), respectively, then we have

)+
1 =) 0l = w855 (g1 = gall + VT — Lol 20 r 2 ) -

Proof We have

lEP (A(T)=A @) T GEP*(AW)-A@)

01(€,1) = 1+M€|¥|ZQ(A(T)+/3)§1(§) /t 1+Me\$\2°‘(A(T)+/5)El(§’s)ds’
PEPC AT =A®) T JEPY(A®—-AW)

60 = 1 6~ [ T e 26 9

In view of Parseval’s identity, Lemma 3.2, one has

ol P (A(T)—A)

©1() —80)

(1 —v2) DIl =

1 + pel PAAM+P)

T JPA®-A@) .
— £1(-,8) — £2(-, 5))ds
/, | + pel A +h) (6169 = £a( 9))

ol P (A=A @)

@) — ?2(-))”

1 + pel P @AM+p)

T P*A@-AD)) R
L1(-,8) — £a(-,8))ds
/, 1 + el AT ) (616 9) = 620, 9)

elEP* (A (T)=A @)

<su _
éeﬂg 1+ peleP A @+p) llgr — &2l

ol P (A=A @)

1 + pel P¥AT)+p)

T
+VT f (B¢, 5) = Bo(-, 9)

0

lEP“ (A —A®)

p llgr — g2l

R 1 + pel AT+

elEP* (A(T)— A1)
+\/_sup o
gk 1 + pelEP*(AM+p)

11 = €2l 220, 7:22(R))
AO+B
< pu AR (||g1 —gl+ ﬁ”zl - £2||L2(0,T;L2(R))) :

The proof is complete. O
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Next, we proceed to show the convergence rate between the regularized and the exact
solution. The most important theorem in this section can be stated as follows.

Theorem 3.3 Let § € (0, 1). Assume that there exist constants p, Eq such that the
exact solution satisfy the following a priori bound

llu (-, Dllpr @) < Eo, (3.7

L2

where p > 0, and Eg > § (m) * Let the measure data (gs, €s) satisfy

(3.3). Let u be the solution of backward problem (1.1) and ui P be the solution of the
regularized problem (1.1). If the regularization parameter i, B is selected by

8
=—, 0, 3.8
=g B> (3.8)

then for 0 <t < T, the following convergence estimate holds

AT)— A(t) A()+B

(k)] =1 7Y 5

b v
+<M>MEO e L X

pér

Proof Let u, g be as in (3.6) which corresponds to the exact data, i.e.,

el5¥de.

B(E)elEP AM=AM) _ Ir lEP* A=A (£ 5)ds
wpten = [
1+ pelsP AT+

From the triangle inequality, one has

s .o —u 0| = s 0 =g 0| + g (o) —u 0]

Jl (t) j2(t)
(3.10)
First, we evaluate 7;. Using Theorem 3.2, and (3.8) , we obtain
A+ -1
T1 ) = 150 (llgy = gall + VTl = &2l 20,1202
A(T)—A()
< (14 VT) By T 53T (3.11)

The remaining task is to estimate 7>. In fact, we have
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T2 () = [(wpp —u) (0] = || @ep —7) .0

ol P (AT +B)

1+ pel P

(" t)

By Proposition 3.1, (3.8), and (3.7), we arrive at the following estimates

—p
% 2a P
= (EOD)E 0 00) )

pur
, 2\ 2
4o (A (T) + B)\ 2@ 2a (A (T) + B Ey’
=<M) | +log zf 0 le . Olary  (3.12)
p psr
, 2\ 7
% 20 (A (T E/
< (S BDEDY gy 1410g 2D LD
p ps v

Plugging (3.11), (3.12) into (3.10), we get the conclusion (3.9). The theorem is proved.
O

Theorem 3.4 Let § € (0, 1). Assume that there exist constants ¥, E such that the
exact solution satisfies the following a priori bound

1
o 2
( / 2N A<T>|ﬁ<s,r)|2ds) <K,
R

where ¥, E; > 0. Let the measure data the measured data g5 and the noisy source £
satisfy (3.3). If the regularization parameter ., B are selected by

A(T)
(I+9)A(T)—A .
(Eil) AO=R0 i € (0, 1),

A(T)
2A(T)—A .
(Eil) D=0 ipn > 1,

ﬁ:()s:bL:

then for 0 <t < T, the following convergence estimate holds

A(T)—A®)

. (2+f)Em5m ify € 0.1
() o] = [ G
(2+J_)E2A<T) AW § TR if o > 1

Proof Similarly as Theorem 3.3, we know that

whp (o) = 0| = Jud g (0 = 0| + g 0 =700
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1) -1
<m0 (llg1 = g2l + VT = al2o i) )

PIEPYAT)
+ 1

—_— 0.
1 + peléP A ( )”

By Proposition 3.2, one has
850 =
,Lb,ﬁ ) ’
AW g 5
1+f)MA<T> 8+ u

A1)

1+¢_;wm s+u”“9AmA(nH i > 1

PPN t)” if 9 € (0, 1)

(

(1+7)

(1+f) “ls 4 uPE, it e (0, 1)
(14 vT)

(

1+ VT s+ uE,  ifo > 1
A(T)—A(1) ACT)
2+f)E““’>W) D STERADED if 9 e (0, n
=< A(T)—A®1) AT)
(2 + VT ) B0 § 38R0 if9 > 1
The proof is completed. O

Some comments on the a priori bound (3.7). It is well known in the regularization
theory that to obtain the convergence rate between the regularized and exact solution,
one needs some a priori information on the exact solution. In the present paper, we
use an a priori condition as in (3.7). Let ¢ be the initial status of problem (1.1). At
the initial time ¢ = 0, the a priori condition (3.7) is equivalent to the assumption that
¢ € H? (R). However, fort > 0and 0 < p < «, it follows from Theorem 2.2 (part a)
that one just needs ¢ € L%(R) and the source function £ belongs to L? (O, T:L? (]R))
to result u(-, ) € H? (R). Hence, the a priori condition (3.7) is not a very strict
condition. Therefore, from our point of view, the technique in this paper is applicable
to a wide class of functions.

4 The Numerical lllustration

In this section, we will illustrate theoretical results in Sect. 3 through some specific
numerical examples. In fact for numerical purposes, we are usually interested in the
bounded domain. In this spirit, let L be a positive number, we consider in this section
the numerical solution of the following backward problem

ur(x, 1) + 2@ (=A)%u(x,t) =4L(x,t), te€[0,T],xe€[-L,L],
u(x,T)=gkx),x e [-L, L], “4.1)
u(x,t) =0, tel0,T],x ¢ [—L,L].
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For the fractional diffusion model, it is very difficult to find an analytical solution of
the problem (4.1). Thus, we are not going to find an analytical solution of (4.1) in this
section. Instead, a fully discrete scheme will be adapted to derive an approximation
of (4.1). To do so, let us consider the initial problem associated with problem (1.1),
i.e., the following problem

ur(x, 1) + 2@ (=A)%u(x,t) =L(x,t), te€[0,T],xe€[-L,L],
u(x,0) = p(x), xe[-L,L], 42
u(x,t) =0, tel0,T],x ¢ [—L,L].

Since (4.2) is a well-posed problem, a finite difference scheme will be very effective
to numerically solve (4.2). We use the following simulation strategy:

e Step 1: Using the finite difference scheme to solve (4.2). After this step, one may
obtain the final data g(x) := u(x, T).
e Step 2: Perturbing the final data to obtain the measured final data

gfx) =u(x,T) (1 + erand()), 4.3)

where the command rand() returns the random value in (0, 1).

e Step 3: Using (3.5) to construct the Fourier transform of the regularized solution.
In this step, the discrete Fourier transform will be adapted.

e Step 4: Using the inverse discrete Fourier transform to obtain the regularized
solution.

For the finite difference scheme in step 1, we follow the well-known scheme proposed
in [21]. For other numerical methods dealing with the fractional Laplacian, the reader
may refer to [1,16,17]. Denote N and M the number of grid points in the space and
time interval, respectively. Let {x j }j\f:O be a space-discretization of [—L, L] with the
mesh size h = ZWL and {tm}%:o be a time-discretization of [0, T'] with the mesh size
p= % Let u’f be the finite difference approximation to u(x;, t,,). We have:

e For 0 <m < M, due to the boundary condition, one has
ug =uy =0.
e For m = 0, thanks the initial condition of (4.2), for0 < j < N, we have
u(j) = @(x;). 4.4)
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e Forl <m<Mand1 < j <N — 1, we use the following forward scheme

u;’_’l"r] — u;n
Jj+1 N—j+1
p)\m+1 k 2a k 20
~ 2cos () h* Z(_l) (k Wigix+ Z =D k Wi 1k
k=0 k=0

+ ,OZ (Xj, tm+1)
4.5)

where A, = A(t;).
Denote U ;" = u®(x;, t,,) the regularized solution with respects to the noisy data g°,
the following discrete error measure will be calculated

N
Ety) = —Z‘U}"—u;’?
VRl

N 2
Retn) = | 3 |Up —uy
N j=0

Here, £(t,,) and Rg(2,) denote the discrete root mean square error and the relative
root mean square error at time ¢,,. Fixing L = 10, 7 = 1, N = 100, M = 100, A(¢) =
2t 4 1, let us consider the following examples.

Example 1 In this example, we work with a smooth initial data. For « = 0.6, the initial
data and source term in example 1 are given by

4 4

X 2_x
p(x)=e 2, 0(x,1) = ¢TIz, (4.6)

Example 2 1n this example, we work with a non-smooth initial data. For « = 0.9, the
initial data and source term in example 2 are given by

w 2, x| <0.5L, “
X) = .
¢ 1, 05L <|x| <L,

21, x| <0.5L,

L(x, 1) = 4.8
e {t, 0.5L < |x|] < L. “48)

With the data as in these example, we have Figs. 1 and 2 and Tables 1 and 2.
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02r — © —Reg. Sol. ¢ = 102 o — © —Reg. Sol. ¢ = 102
o 02
- 4 2 0 2 4 10 10 8 6 4 -2 0 2 4 6 8 10
(a) At time t = 0.9. (b) At timet = 0.8.
1.8 1.6 - - -
16F 1.4 ﬂ
14 12t S
12F
s
s
0.8
0.8
0.6
06
04r
0.4
L 02f
02 Exact Sol Exact Sol
od — & —Reg. Sol. e =107 0 — & —Reg. Sol. e =107
g — © —Reg. Sol. ¢ = 107 — © —Reg. Sol. ¢ = 102
02 . . . N N N . . 02 . . N N N . .
10 -8 -6 4 2 0 2 4 6 8 10 0 8 6 4 2 0 2 4 6 8 10

(¢) At time t = 0.5. (d) At timet = 0.4.

Fig. 1 Example 1 with « = 0.6: The exact solution (solid line) and regularized solution with ¢ = 10-!
(asterisk line) and ¢ = 102 (circle line) at various points of time

Table 1 The table of error in Example 1

=06 Atr =09 Atr =038
e £(0.9) Re(0.9) £(0.8) Re(0.8)

10~! 02082481499 02247021077 0.1866373549 02167951689
1072 0.0503317476 00543085246 0.0445302435 00517256670
10-3 0.0255936893 00276158801 0.0323046766 00375246307
a=06 Atr =05 Att =04

e £(0.5) Re(0.5) £(0.4) Re(0.4)
10-1 0.1537737147 02166313275 0.1534856565 02301838364
102 0.0767795512 0.1081644944 0.0986265922 0.1479111983
1073 0.0745537113 0.1050288047 0.0907426718 0.1360876111
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25

251

1 & 1F
05k Exact Sol 05t Exact Sol
— & —Reg. Sol. e =107 — & —Reg. Sol. e= 107"
— © —Reg. Sol. ¢ = 10?2 — © —Reg. Sol. e = 107
10 8 -6 4 2 0 2 4 6 8 10 -10 6 4 2 0 2 4 6 8 10

(a) At time ¢ = 0.9.

(b) At time t = 0.8.

Exact Sol

Exact Sol

— & —Reg. Sol. e =107
— © —Reg. Sol. ¢ = 102

(¢) At time t = 0.5.

-6 4 2 0 2 4 6 8

(d) At timet = 0.4.

Fig. 2 Example 2 with « = 0.9: The exact solution (solid line) and regularized solution with ¢ = 10-!

(asterisk line) and ¢ = 102 (circle line) at various points of time

Table 2 The table of error in Example 2

«=09 Atr =09 Atr =038

e £(0.9) Re(0.9) £(0.8) Re(0.8)

10~ 0.2299011126 0.1085325351 0.2279571820 0.1139088496
1072 0.1088747479 00513979783 0.1298666025 00648935697
10-3 0.0759839495 00358707732 0.1047227320 00523293270
a=09 Atr =05 Att =04

e £(0.5) Re(0.5) £(0.4) Re(0.4)
10-1 02612141145 0.1505391034 031126325 0.1857517815
102 0.230726515 0.1329689353 0.2720464216 0.1623484541
1073 02293737927 0.1321893542 0.2710629609 0.1617615568
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5 Conclusion

In this paper, the forward and backward problems associated with space-fractional
diffusion equations are investigated. In particular, we derived some regularity results
for the forward problem. Next, we provided detailed proof of the ill-posedness of the
backward problem and further proposed a regularization method to achieve Holder
approximation to the exact solution. As a potential future work, we wish to study a
more general model where the diffusivity factor can be a more general function. For
example, A := A(x, ) or A := A(x,t, u).
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